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. EXERCISE 2.3
Find Ay, dy, Ay —dy if '

4. () y ={c"—1, x=1  Ax=-05

(Gi) y = V3x-2, x=2,

Ax =03
3ol. -
i) Here y = x -1 ® .
dy = 3(1Yy (-o-s)
- AY = §(»48) - §(0) 3 =
RIS T
= (ﬁla—m)’—c - 33 = -1
= (*unn?-x’ Now
= (1-osy- 11y £Y-dy ; —0:876 - (~15)
= ()32 e -85 1€
= 6125~ = 0.028 P
Aj = -0.%7¢ ¢ L i
dy = 2% d+4 a
(i) y = N3x -2 sy ANz2, &n =03
B Hare ‘5 » l-’;;-;:
fou O
&y 2 §(1+b\\-§(s\) dy - 34w
= S’s(nu)-z —Sn-a_ 2 S'su-z
Ty e = 1300 -2 = 2 — dx
'A'&h-ﬁo-%)-?. r::: T
v | 2 A
= \¢a-2 Ju {
- oY
« Wy -2 .
= 2.8 -2 c 35__
by = 0.-2\13% 4y = 0-2250
Now
8Y-dy : 0. 13S - 0150
c - 0.0M5 - by

Exercise 2.3: Page 2 of 17
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2.  Use differentials to -approxiamte
(i) V26.2
Sol. We consider
y = flx) = Vx (L
with x = 2 and =12
From (1), we have
1
dy = ——= dx v
: s . 2.
Substituting x = 25, dx = Ax = 1.2in (2), we get
A) - l(\-l)
2]2§ @ lags ¢ - o0
= _.‘——-(Ll) .
z;xs; ,]u.z = 0-\L¥¢
- —-‘—:‘
= O\

New Ay AY = fedv) - §in

dy = [xvan -J%

on = fagms - [

ic Geonetry by IIm Kitab Khana,

J2 =502 — nr

)

0.\ = !Un-l -S
(i) v80.9
Sol. Let y = flx) = \[E' Now 6.31, Ag;Q(‘H'At)-?{j)
Hea 22 8y and A& = -01 = dx ' .
Noew A‘} = A da Aj = E’k&b‘l -—‘F:
2 o
- z‘r- (~o.1) —0:0e556 = Jtioe. _S—%_‘_
i -c.008§¢ ={80.9 ~9
= zo'
21 e -9 -—‘\ = -0.6055¢
= =6
¥ 80-‘\- =, ~0:00855 A9
= -0-060S§¢ - 8.944sc
Exercise 2.3: Page 3 of 17 -
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(i) V123

Sol. Yy
wew 30123 » (123
Lek ‘j= *(‘A) * ‘2'3

Lok W xS & B3 -2

(iv) cos 61

Sol. Let. y = flx) = cosX

Wil Nz b =6xX_ o K
{80

\J R
4 A%zl 2. B = =
® \$o \8

]
New dy . —%andn

= -%("h\-%‘)

- .1 X

- 2 1%
Aj L3 —.3_—3—5—-
o

Exercise 2.3: Page 4 of 17
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>3

2
dy = - 1$
A) = -0.0Lbl

Now dy = O8Y = §(x+an)-§()

\’ |'

dy = (w4an)’- 13
v Y
3 3
—a.02¢l = (125-2) - (ng)

‘(ng‘)".. (ss)"s

\
-c-.02tll® (u;)’_ oY
\]3
(23)-s5 = ~o-c26!

(‘13¥3 = -0-02tlag

35‘7_3 = 4.9713Y

Now dy £ &Y ¢ GlnaB0) - £(n)
dy = Ca(0r1)-Col o

_SE_L - Ga(s‘.-'-"
6 ks

_(|-13t)(’5-|\) = (‘”g;’_b.g
3y ‘

-0 1S = C,é\'-O-S
G.¢\'-0.5 = -06.\S\2

'c,,gf = —~01511 40§
o-4g4g

— ey

1

Avaiilable at www. mathcity. org
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3Y

W)+ B.02)*
Sol t y = fix; = 2 with
x = 3 and Ax = 0.02
& = axds |
= 4x3°(0.02)
dy = 216
Since dy ~ Aye Flaran) . £(1)

(vi) tan?2y
Sol. ’
Lex Y= sl‘!) - {'M*

dy = (w+an)- x4
= (3-\-0-01)"-(3)‘1

2. = (3.00y_ %)

(3.} -8 = 2.1¢

(302) = 21048 = 83.14

dy = —6.0213

Naw AS:"AS = ?(1+mm)_ ,

L Az 3p = Bon X
* \to I‘_
LA S T x 33 = tom(nen) - taun
8% T T g, oo to (n? 1
—0.0233 = tow (30.") ~taun
New AJ = h‘}!&x .
~c.6233 = tawe’ - L
= se(M) (- X : 5
\ 3 '1‘80 foty SfFE e
- -3
Caty I8 -ty oegy33 - -oe233
‘ -]
= L=3Y | 1““’-‘\ =z -0.0133%3 40.5733
(‘g;)" It l taaq = 0.5¢

Exercise 2.3: Page 5 of 17
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35

3. The side o1 a cube is measured with a possible.error of + 2 %.
-Find the percentage error in the surface area of one face of the
cube.

Sol. Let x be edge of the cube

mMArnA of a face is -
A= xxex
dA = 2xdx

RefoSiont mz-}:‘- =. x..z,’f_-“* 2

g

But % = +£0.02

Therefore,

. A '
2 = 2002

= +004
_ 'The percentage error in the surface area is = E‘-£—Mn x 2ooUviod = 44Y
4.- A box with a square base has its height twice jts width. if the
width of the box is 8.5 inches (in.) with'a possible error of £ 0.3
in, find the possible error in the volume of the box.
Sol. Let x in be the width of the box. Then its volume V is
V =L-wh = w2 Re2 N

dV = 6x°dx.

But & = 0.3 an

Therefore change in volume

av = 6(8;5)2(10-3.} x>
= £ 6)(12.25)(e:3)
t 4 130.65 Gdit wdwnr.

Exercise 2.3: Page 6 of 17 - Avaiilable at www. mathcity. org
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Sol.

Calculus with Analytic CGeonetry by Il m Kitab Khana, Lahore.

The radius x of a circle increases from x's= 10 em to £ '= : 10, 1 ,
cm. Find the corresponding change in the area of the circle.
Also find the percentage change in the area. :

- Let A be area of the circle of rad:us x. Then

A = nx?
5 dA = 2nxdx
Now, x:= 10c¢m -and Ax = dx = 0.1cm
Change in the area of the circle is
dA \
= 2r(10)(0.1) —T
Rel h o c";, ' /
ative ¢ ange in the area »
ﬁ.’."_ =g—_£1.t_.f =.&. = 0,02 \\__/
A n(10)* - 100

Percentage 'change = .1-3—0 x100 = 2%.

The diameter of a tree was 8 mches After one year the
circumference of the tree increased by 2 inches. How much did

(i) . the diameter of the tree increase?

(ii) the cross-section area of the tree chan'ge"’

If x is the radxus of the tree, then its circumference
C = 21: x

'I‘herefore, dC='2ndx "

'Change in clrcumference 1s dC =

and so the change Ax in radius is ngen 1by p
2 = 2ndx . /
1 : p 8
or & = 1:

Thus the dtameter increased by g inches. \\
Area A of the cross- section »¢ Duu. »

A = nx?
2 dA = 2nxdx
When x =4, dx = = and change in area is

dA = 27\’ 4.%' = B tnchay

Exercise 2.3: Page 7 of 17 - Avaiilable at www. mathcity. org
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7. Sand pouring from a chute-forms a conical pile whose altitude.
is nlwnya equalfto the radius. If the radius of the plle’is ‘10 em,
. find" the approxnmate change in radius. wwhon‘ volume
increases by 2 cm®.

Sol. The volume V of the’comca) pile of radius r and helght r is

‘Ss 1"
V = 3ur

= o\vc..\;x.'s);féfu ;!\;
@ dV . xAdA o

Now Gt Yoot AV 2dy 2 2c~: uden A = Yo

Sv M ey e Aedivh v AA = i =2

Heats fon © 2= RGN N .

\
2 = loKdh = A = = * T

Se Cremye b Kadiwh o} BRI = Jgplm
8. A dome jsin!the'shape-of a hemusphere With radms 60 ft.' The
dome is to be painted with a layer of 0.01 inch thickness. Use
differentials to estxmate the amount of the paint reqmred

Sol. If Vis volume of hemusphere ‘with radius r, t.hen ‘

2nr® O —
< PR ——
V= 3 o o 2o ﬁ, 7 ’
= dy -;3;-1 RN P«xh;.{ Veluts w@ Lﬁ‘
St .
AV < lx}}&h _/® d\} - 2‘K (6°\ —_—T
t 1
o Lk g“& d\l n | z 2%R.3%¢ 60 _L.-.
when K < 6°§£-¢d&:0-0\ \2e o
\ = 2R3
0.0 5
v = (z‘l\fks
=4t
12 niee

9. The side of a building is in the shape of a square surmounted
. by an equilateral triangle. If the length of t.he base is 15 m with
an error'of 1 %, find the percentage error in the area of the

side. a
Sol. Let x m be the length of the base. Then area A of the side is
given by o Xzttt
Asmmo{bw -&mv!,‘fm.o.\' Je % '
th = .
= *‘4 .1.-32! | :D—. b
2 Py r X
A = 734-_5,.1?‘ e L
y
= dh z(2x & Z.an)dy %

Exercise 2.3: Page 8 of 17 - Avaiilable at www. mathcity. org
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da - (2_1»35%)0\* G aA “{(2(\53-&-?(5\ }‘0 | 38
- S—— ‘o
Now SMM Pk é!_. = 0.0 g 'S+ %“;) ;

"
N - oy
i mhA:? W"\MX:\{ - [3°+T }x‘L
>e., é—f—‘\l‘m - ? 1$a sas jeo
Y
Nuf,.... @ - (!20+1-E x-‘——
dA _ (zx..,.f.ill.)d, [1”_?‘}&‘ s -:;ﬁ I e
— - ; _ . L
A X q_f x+!§u ﬂs./ - 2:’“ les = ¢Co
. o/ OVWA s aa,
' < AA/A‘\G'D - A—ﬁx'm = 2 ./.

10. A boy makes a paper cup in the shape of a rigf\t circular cone
with height four times its radius. If the radius is changed from
2 em to 1.5 cm but the height remains four times the radius,
find the approxiamte decrease in the capacity of thercup, '
Sol. " If 7 is the radius of the.base and 4 is height of the cup, then its -
:volume V is given by . : ‘

1 Y 2
V = 31:1-,‘};‘: 3R (4r).

4 3
V = =
3 K
= dv 2 %.x.z,)}h

‘ Sedv z uxtdA ()
Ab**v’w A:ICM.&AAz

"s-z - -O'SOM'
R dv = WK (Y (~o05)
= kx. 4.2t
Y 3
L QK(—I\
dv = —8K

WA . Ak v d.M( (VN Cn‘)q‘@fl) ‘* Cu.t)‘. ' ‘
. The ~ ve sign shows that there is decrease in the capacity of the
cup.
11. To estimate the height of Minar-i-Pakistan, the shadow ofa '3’
' m pole placed 24 m from the Minar is measured. If the length
of the shadow is 1 m with a percentage error of 1 %, find the

height of the Minar. Also find the ‘percentage error in the
height so found. : E '

Exercise 2.3: Page 9 of 17 - Avaiilable at www. mathcity. org
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Sd,.

Naw

So

12,

Sol.

Let oM bt ™ waivar 4 Ac fu Ry ‘;,QL 34
If x m is height, of the:
Mmar ‘then from 'the ﬁgure

X 3

5 =1
Therefore, x = 25 x 3 = 75.
Height of the minar = 75 m.
Ify is the' nétudl length of
the shedow of the pole, then

'.x' +24 Tty

x -3

or 3y +727 = Xy
or 3dy = xdy+ydx
or (@B-x)dy = ydx

or "(3-x)-‘§-’— = dx ——@)

Now *;y- =+ 0.01. When x = 75, relative error in the

height = %x_
P @ e < (3-,\).&;.
= (3-75)(Ls-01)
s (~12)(t001)
Se é.i!. N GAINE TR

e st e e i . esamare s

) 1S
on 2L - +0.004¢
Percentage error i JAushk « é;:— ¥.\ov

- to‘ooﬂ {J* ‘G‘)
= +0.9(0Y,

Oil spilled from a tanker spreads in a circle whose radius
increases at the rate of 2 fi/sec. How fast is the area mcre&emg
when the raditis of the circle is 40 ft? .

Let r be the radius of the circle at any instant ¢. Then area A of
the circle is
A= xrf
ot wead s
dA | K.2a.dr
dr e

A, dr

x?il— et

Exerci se 2.3: Page 10 of 17 - Avaiilable at ww. mathcity.org
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Ty
dA . dr TR
We have to find 2 When & = 2andr=40. Substituting into
(l), we have '

——

dt

]

2nx40%2

'=.~~. 160
Thus area of the'circle changes at;the rate of 160 x ft’/seg,
13. From a point O, two cars leave 'at the.wame time. One car .
" travels west and after & sec. its position is s ¢+ ¢ ft. The other
car traveis‘north, and it coversy = ¢2 + Iyt int sqc. At what rate
is the.distance between the two cars changing after 5 sec?

~

Sol. Let A, B be the positions of the two .cars:
at any instant ¢ and let s be the
distance between them at this instant.

= 2% y"' (1)
Odt. Wwen. b b 3
uéj(_ : h\.%\,t TN fk

» st‘/'dt=x‘.‘. + S.‘_}r —0

We have to ﬁ:ﬁ %% at the instant

when ¢t =5,

We have

| x = B4t 3)
y = £a3 @)

Differentating (3) and (4) w.r.t. £, we have

RS

dx
&= 2+1,

%_= 243,
4 ox t=5, ‘_*.1:" *—A-z=|3

t
Afer 5 sec, the disll;nces of the two cars from O are
 x = %45 = '
y =5+15 = 4
4 foor 0] s* = 30%+40°
= Qov + Vs
st = 2560

Sos 'I'-SO

Exerci se 2.3: Page 11 of 17 Avaiilable at ww. mathcity.org
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Putieg  Values w e -@ Y
So8% = Joxl A Ueni3
at
oN. S'oél = 330 4 So
dt. :
ds . 3¢
“at Su
ds
o 22 = |7
at
Therefore, the distance between th2 two cars is changing at the
mte,of 17 Rsee,

14. Sand-falls from a container at the rate of 10 ft*/min and forms
. & conical pile whose height is always dﬂﬂbh*""w of the -

‘base. How fast is the hejght incqegqnﬂﬁl&ﬂ\gﬁmmm'p; is b ft-
high? o

Sol. Let A be the height of the pile at any instant ¢. Radius of the pile
= g . Volume V of the pile is -
[
v gr(ain

= ..L'K.E. .
3

T —

d¢

Yo = 1gx.dh
dt

dh . ko

d¢ 28K

é\l a _.%.-- = _}.._-- = 65\

dt SK Sy

So Ha tughk o{,\,‘J_«. 0 Cosntint ok the Solr o 6.S\ §¥/W
15. A 6 ft tall man is walking toward a lamp post 16 ft high at a
- speed of 5 ft/sec. At what rate is the tip of his shadow moving?
At what rate is the length of his shadow changing?

Exercise 2.3: Page 12 of 17 - Avaiilable at ww. mathcity.org
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WL

Sol. Let x be man's distance P

16.

from the lamp post OP and 2
the distance of the tip of his
shadow from O.

i.,e. OM=x, OA =z

From the similar triangles,

we have . '
16 . 6

< -
e ovwsge
WRo e w fgn

Vo w 1w
5t = gn
sdt _gda
dt dt
v slun M . s
dt
SaS& - 8&5
dt
de
ae = ¥

Therefore the tip of man's shadow ;is_m_bving at the rate of 8

ft./sec. '

Ify is the lengfh of the shadow then MA = y. From the similar
triangles we have

6. 6
x+y Ty
i.e., 8y = 5x
dy o dx
Therefore 8. &t 5 &

Substituting % = 5, we find that
dy P}

d -8
. . 25
Thus the shadow is changing at the rate of B ft/sec.

At a distar\.éq\of 4000 ft from a 1a;mching site, a man is
~observing. a rocket being launched. If the rocket lifts off

vertically and is rising at a speed of 600 fi/sec. when it is at an’
altitude of 3000, how fast is the distance between the rocket and
the man changing at this instant?

Exercise 2.3: Page 13 of 17 - Avaiilable at ww. mathcity.org
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Sol. y be altitude' of the rocket R

g SbeU’the -'distance: i

Mwnn the man and the
rocket at any instant ¢.

We have y
2=y’ +4000° (1 |
When y = 30001t M 2000 1t 0

we have from (1),
x* = 30007 + 4000°

= Q600000 4 \bo00000
> = 1LS0ec00v
= A = Sooo

P - Doeerie = -%—1.(60 = 3AVe = A ¢

Lahore.

3

Thus the distance between the rocket and the man is chﬁngmg

at the rate of 360 ft/sec

17. An airplane ﬂymg horizontally at an altitude of 3 mileq and a
speed of 480 miles/hr. passes directly above an observer on the
ground. How fast is the distance of the ocbserver to the airplane

increasing after 30 sec?

Sol. Let O be the observer on the A
ground and P be the plane at
some instant ¢, Let

OP=x, AP=y
It is given that OA =3

From the right triangle, we
have

Pyt = 4 )

-0

P

The distnace travelled by the plane 30 sec. after it has passed

above the observer = :3‘6 230 = Lwids. P2 W (D)
a +luy =% B

19 :x"
=9

Exerci se 2.3: Page 14 of 17 - Avaiilable at ww. mathcity.org
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Lahore.

Yy

We have to find -4- at the instant when ¢ = 30 sec. and-‘Z —480

N d"H(DLoJ\{{

1y.dy
T = ol

. dat
‘34 _—-
& "f:
‘Aﬁ =5
,L
A.IE = "3‘\' dt
Sa ok t=2, gdu = X xls,
dt s
= 334

The.rate of change of distance of the plane from the observer =

384 miles/hr.

18, A boy flies a kite at an altitude of 30 m. If t.he kite flies
: honzontally away from the boy at the rate of 2 m/sec, how fast
is the string being let out when the length of the string released

i8 70 m?

) Sol. Letx be the dength of the string let
out at some instant ¢, K be the kite at
an altitude of 30 m and let AO =y.
The kite fiies horizontally away
from the boy at the rate of 2 m/sec:

From A AOK, we have

x* = 30%+yr —— ()

BL.® w-a.t-t
II.A_“_ T l‘jdd!i

()" = ey y*

440 a2 Y00 +j’

Y90-490v = j‘
Yeoo = 3\-

Y = Skuvv.\o

Y= Wiy

At Thoy T ds 2
dt

S Jo. ¥ = 2efTox2

dt

PN Y

Veuu  Ha Aty by J.uw.g L& TV PO VW ‘-‘:E’w\fuc.
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19, Awsherdankis inthe Spape of frustrum of a, cong with height 6
and uppsagd Joar, radii 4 m and 2 f.n,f,"}"%‘m‘yf

water, pours intg;thg.tank at the rate of 20.m"/m
the water level risin When the water is half way u ?

botgding

. Extend the tank downward so as to
form-a.sone. Let BO = x m so that’the -
height of the corigisx +6. * |

Suppose that at %ome instant water level
is at C where BC=yandletCP=r. .

7

fmin, Row, fast is

From similar A's AOQ and BOR, we'

get
b+x _ %
Y >
Ut = 1242 0
) ‘(‘—1* = 1
i N o T (uasy.92
i Y = 12 It 2 x{446) T
A= pu,u—o,%',..,mélzzo
S. @0 =¥

' Again fava Mmdoa ArCoP 4 BOR
9¥l . &

A 2 e, wlew y=3
bA = 1y+\2 “wug\m ofeva &y
A s MurO 20 = K (3a4L). du
¢ ) at
N = z_ti 20 = L"%‘ . i"_
3 4 dt
New  He Veluwsr of me'ﬁm wiath 2exq . du
Aodiar A 4 Lovun Asdint X o+
> dv , 20
NV o= .L:u‘(s»fe\-%x(m(, at ax

= L.(‘:-o-t)_" _
3 (54t) Eox 2Y

V=X (ya) - 3%
27 26 m]wv\
DY WA-L- \ ax
v - K.3(yat). 42 -
at 27 dt
Wi
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y¢

'20. A12m l’qng;,w}gaf@fﬁtfquh,'yvit‘.h.vertic'al croks-sections in the
_shape of ggm’lgg’%‘rg‘l‘_@x:xangl‘es‘ (one vertéx down) is being filled
at the rate of 4 m'/min. How fast is‘the water level rising at the

instant when the depth of the »:raterxsl:}' m?
Sol.wm watn ’v»xfux d,,‘,
Mew aira of  velicad Chamd- et o

¢ .

!, ol vy
A :-*1__
2560
s 2
2
3
A x X

b Vo X
Vv = X
Y
I baﬂ, Wkt
av . 24w dw
dt B a4t

4 “ﬁ—xl.\\‘.‘_“._.
B2 44

4 = lly&.é_ﬁw
. a+

=
ERE ot

- S U

- dt AL
So T NJMLMA'%WQM}Lm.g

—3!3_—5"/\’*/\.&”\,.
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Exercise 2.5 of Cal culus and Anal ytical Geonetry
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Exercise 2.5 of Cal culus and Anal ytical Geonetry
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Exercise 2.5 of Calculus and Anal ytical Geonetry
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Exercise 2.5 of Cal culus and Anal yti cal

Ceonetry
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Exercise 2.5 of Cal culus and Anal ytical Geonetry
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Exercise 2.5 of Cal culus and Anal yti cal

Ceonetry

EXERCISE 2.5 (NEW BOOK)
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Geonetry
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Exercise 2.5 of Cal culus and Anal ytical Geonetry

51

>
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Exercise 2.5 of Cal culus and Anal ytical Geonetry

59
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Exercise 2.5 of Cal culus and Anal ytical Geonetry

¢
9
Forwz=1, 9(o) = (\"-\-v\;‘\')é (@ = (Frws )
(“) AlI
Fexnel , 3(0) z (IL*V:T\)S (e) = (2."-\-»%)\&
) W) "
FoA =3, 3(0) = (;—\*)j(’) 2(3L*W})(\L+Mt).m
con 4 O T W 2
N=U5 900 2 (Vawd) Y ) = (Yaw ) (Favd )t
‘Fon neS w(‘o) Yt ) W x L
i =55 900 = (5am) i) = (Shm) (30 ) (Pand). vy
‘ -t ® LW PR S
:Fok w25,y Y(o) = (Q*N)jb\ = (G*M)L‘Mw)ll-\-v}).m"
| On TNM.LM we  Srant
C9wle) ={ntaw]o L o S (W () W 9w s
IO (SRS e, SR § 8 LU BV CIR T
8. Find » (0) if
@) ‘y =In [x+y1+7]
(b) - y='In (x#\/l+; )"
Sol. @  y=Ihn(x+y1+2)
L. W AR R
/ = \ R N T Y Sl i
? O+ o ) T S ) 3?! !r»
/ - ' —— o (‘-‘- L. " ) FEA G TR I S SR 9
3O (e ) b
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‘L
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\f“" Ve
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fty =

(\-\-1‘)5 =
Dt WA * ®

(nx)l‘)j +’“3 = ©

A

)
0

- »7“
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(\ ) IR = 0O
“3 m?\kx il

‘3" (\-\-\"\’) e i‘j * )Q‘\
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uiw

(w-2) (W) (m-1)
(3)(‘*113*“(*5") (w):r“(::") L) @ + (YD . wam(y)

.l =0
. w K\g&r\) \V\)
(\-w&)\j .nmx\j _\.U\-M Y Ay amy o

(A )&j"‘" .\_(1“.\,.\31\) _\_(“_V\_‘_“) \33 = O
Wiy L\w
(.\-**33 )—»(_’mu)i(} \+'n_‘5) = 0 — 0
Pk nz0 W O,0 40
o) =
g(o) = 0
() l(\)
5 () = —Y\3(°)

)N v,
Oy = Y (&) = (=) 4
2{2)

_(1)~0=0 =) ‘j (o)

i)l

Sy = Y (o) = 3 3

, (&) o
Faan=1, Ylo) = ~(1yy(e)

1!

[\)) [}
Foanzl, 5 (o) = _(1).)(0)

n
(o}

(s) L )
Fernz3d , Y(o) = -(3).Y()

(6) : : 1(3)
FM:y‘\-;\{, \;(\:\ * —-(‘(;‘.q)(o) = —((\).o =0 = \j (e)- O

1(3) ! N

' ()]
Fon m=S, Y (o) = ~(s). ‘5(»)- -3 -0) L) ‘) (u) SIS W

Fanzt, 'E;)(o\ = --“\ ‘j(o\:—((s)Ogo = \’ (o)

3»«0\&% we gk

(w\) .
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204N
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() 2(3) R S
FoA mzl ,'3“(-)=M-««‘)-Q(ob(vh‘)(vt-x‘)w?-v Y = ()M ) m

O 30«1}\4.90-'8»3 Wt ot

1‘SMF\(w) = (W\I-UY\—\)‘) ———————— SR T o | C S LD R
. T WY (R T g
y(e) = (w\ —(1‘«-1)3__ -~ ‘

Qa 8% F = L(\_VXT-T), Prema Ymak

M (1w Sf'(x)' +l2-3n) f’(-a) ¥x{ =0

s $0 = L(\-\-ST—_{\)
W' u.h.*-l
/(*\ I S (V)
S - (\-\-ﬁ) 212

/} - z ._:l’_’_
Y S(i) (\:ﬁ—:—:’ 15:;

! -« (}_:E_)A
S T Te =T =y

-
V= (=)

IEA T N

Page 17 of 20 Avai | abl e at www. mat hcity. org




Exercise 2.5 of Cal culus and Anal ytical Geonetry

33

z fix ‘i,(*) = -\ -\-:S\-x
‘
n;\.u g(ﬂ V& Ji-n

" SVOU NS 38 S
ZX%JKS(*\A-S(*\(* -————(-\)*S_—T )} - \~x(-\)

" _ -\
T ;\—1 i('\) .\.15’(1)(—1—}\;:-; A A\-n 3 - =
Muttibloging Lot M Ay o T

=)
4w (r- ﬂ&(ﬂ +*«§(*)F§( l—t}—()—l"\

Ax 00y 5y 4+ 2§00 (~aea-an) 4\ =0

‘-m(\—t)&"(x) > u;'(ﬂ (-3n42) Y =0

o Un (1w ;"(‘3 r 2 (2-30)§() ¥V = o

lo. 9* j = QCIS(-QM‘A)-\-\)MLQM\) ,YA.M Wk
1 (we1)

57 om0 5 sttan -
Sd.. Y = alallun) & b&a(lnn)

DUt WAk R
5 e —atulla) L 4 bCa(La) 4
Ay = —aSmlint) + blallar)
Dy . RYP R PRY
R Al eed Gt o~ ()
WY ax3 = - (atallan) + bSullan))

113'1‘\-“3/ . -3
Ifs' +7\3 4 =0

"D% Wk -w woaan

()2 (3] + 5 = 0
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Techniques of Integration
EXERCISE 4.2

dx

a?+x?

QNo.1 I={

Putx = atand = dx = asec?6d6O

asec?6d6
J(@? + a? tan? @)

I=]

_f asec?6d6 _f asec?6do
B Ja?(1+tan? 9) - a/(1+tan? 9) a
f sec?0do
J(1+tan? 6)
26d6
= [ = = [ sec6d@ = In|secH + tanb)|

sec6

Now substitution returns:

I=1In \/1+tan29+tan9|

Xy 2 Vx2 +aZ +x
I =1In 1+(E) - =ln#
QNo.2 I=[—-=

[x2—q2

Put x = acosh@ = dx = asinh0do

= asinh6do
\/(a? cosh? § — a?)
asinh6do asinh6do
=J =/
Ja2(cosh?6 — 1) a./(cosh? 6 — 1)
_ sinh8do _ f sinh6do
7 J(coshZ6-1) sinh@
= f do =20
Now substitution returns:
X
= cosh™1—
a

QNo.3 I = [ tanxdx

sinx
dx

[ tanxdx = f

Ccosx

—sinx
= —f dx = —In(cosx) = In (secx)
cosx

QNo.4 I = [ cotxdx

coSx

[ cotxdx = f
sinx

dx = In(sinx)

QNo.5 I = [ secxdx

secx(secx + tanx)
(secx + tanx)

[ secxdx =f

sec?x + secxtanx)
= dx =In (secx + tanx)
(secx + tanx)

QNo.6 I = [cscxdx

—cscx(cscx + cotx)
(cscx + cotx)

[ csexdx = — f

= —In(cscx + cotx)

f —cosec?x — cscxcotx)
- (cscx + cotx)

by rationalizing this answer we can get another result

i.e In (cscx — cotx)

QNo.7 I = [(ax*+ 2bx+ c)*(ax + b)dx

1
= Ef (ax? + 2bx + ¢)?>(2ax + 2b)dx

_ (ax? +2bx + c)**!
B 2+1

1 Prepared by: Ageel Nawaz

ageel_755@yahoo.com

- 03349587500
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dx
1+x —_—
QNo.8 I = f dx QNo. 10 f(1+x2)tan_1x
1/(1 + x?)
L 4x _ (142)° = ~——Zdx =In(tan 'x
By rationalizing we get, — X —— ="— tan-1x ( )
1+x xdx
So.l = [sdx = [ s+ [ 225
1 __ [ Ssinx+cosx
=sin"lx + f(l —x%)"2 xdx QNo.11 I'= fsinx—cosx dx
— cin—1 1 1 2 —% 2%)d cosx — (—sinx)
=S X —3 (1—x%) 2(—2x)dx I:f , dx = In (sinx — cosx)
sinx — cosx
1
., 1a-xy)7t! -
=sintx—-—-—F"—— sinyx
2 1 No.12 I = dx
aneiz 1=/
1
— in-ly— 1(0-x %)z (Substitute the complicated angle)
2 1 Putvx =z = x =22 = dx=2zdz
’ 1= sz =2 sinzd 2
=) ——2zdz = sinzdz = —2cosz
=sin"lx —1—x2
= —2cosV/x

QNo.13 = [Ve?* + e3*dx

QNo.9 [———
atvbx+c I= f\/ezx +e3%dx = [ Je2*(1 + eX)dx
(linear under square root) 1.
(1+e*)z*

Put\/bx—-I-C:z I:fV1+ex-exdx = 1+1
= bx +c = z? 2
= bdx=2zdz d
QNo.14 = [——
_f 2zdz/b e*te
B a+z
_ J‘ zdz !
__E a+z _ e*dx 71 r T x
) \ = —ex(ex ) (multiplied D"and N"by e
b a+z _ e dx _ -1 X
5 . _fezx+1 = tan (e)
I=7faz-2p° .
b a+z Alternatively,
2 2a
I=Ez—71n(a+z) Pute* =z = e*dx =dz
2 2a e“dx dz 1
[==vVbx+c——In(a+Vbx+c) SoI1={ —f =tan  z =tan (e)
b b e 41 z2+1

2 Prepared by: Ageel Nawaz ageel_755@yahoo.com [ ] 03349587500
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e2Xdx
Q No. 15 ===
Pute* =z = e¥dx=dz
ex. e"dx_ zdz J‘(z—1+1)dz
\/ex - \/Z—l

f(z—l)dz f\/ZT

I = f(z - 1)1_5dz + f(z — 1)71dz
I= f(z— 1)2dz + f(z— 17 dz

1 -1
(Z _ 1)7+1 (Z _ 1)T+1

I = +
1 7
§+1 T+1
12 Dz 2
— 2 — 2 3
=(23) +(Zl) = 5(e"— D2+ 2VeF — 1
2 2
QNo.16 1= [ gy

(Substitute the complicated angle)

Putinx =z = idx=dz

I = f coszdz = sinz = sin (Inx)

2x+5

Vx24+5x+7

1
| = f(x2+5x +7)72.(2x + 5)dx

QNo.17 I={ dx

1
_ (®+5x + 7)"2*!

1
—5+1

QNo.18 1= [ —==—dx

1
I = f(2x2+8x +5)72. (x + 2)dx

1 1
= Zf(2x2+8x +5)72.4(x + 2)dx

e

Q No. 19 I = 7y
X

Put x = acosh@ = dx = asinh0

asinh6do

/- f\/az cosh? 6 — a?
N a* cosh* 0
[ f avcosh?6 — 1
N a* cosh* 0

B f\/coshZH -1

asinh6do
—_— h26 —1d6
a? cosh* 6 cos

1 cosh?6 — 1
T a? cosh* @

_ 1]‘ 1 40 1
" a? ) cosh?6 a?

1 1
I = —ZfsechZGdG ——zfsech‘*ede
a a

cosh* 0

I = —tanh — — [ (1)
I, = fsech“BdB
I = fsechZB.sechZGde
I = f(l — tanh?0).sech?6do

I = fsechzede —ftanhzesechzede

tanh36
3

I; = tanhf —

Putting in eq(1) we get,

1 1 tanh36
I = ;tanhG — Etanhﬁ + 32

3 3

coshd) ~— 3’ cosh@

tanh®0 1 (sinh@ )3 1 (\/coshze -1

>3

1 1 /-——1\ _ 2y
=—j(2x2+8x+5) Z.(4x + 8)dx 1 (x a*)?
4 3a? \ / © 3a?x3
1
_ (2x*+8x + 5)7z"!
- 1
-5t 1
3 Prepared by: Ageel Nawaz ageel_755@yahoo.com [ ] 03349587500
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QNo.20 I = [ cos®xsin3xdx

I =fcos6x.sin2x.sinx dx

= J- cos®x. (1 — cos?x). sinx dx
=J-cos6x .sinx dx—fcossx .sinx dx

= —fcossx .(—sinx)dx+fcosgx .(—sinx) dx

cos”x N cos’x
7 9

I=— f cot3x(cot? x + 1). (—csc?x)dx

1= —fcotsx (—csczx)dx—fcot3x (—csc?x)dx

QNo.21 I = [tan3xsec3xdx

1= f tan?x.sec?x. secxtanx dx
1= f(seczx —1).sec?x. secxtanx dx

I = fsec‘*x. secxtanx dx — jseczx.secxtanx dx

sec®x sec3x

5 3

QNo.22 I = [ cot3xcsc*xdx

I :fcotzxcsc3 x. (cotxcscx)dx

1 1
= —gcoth—Zcot‘*x
dx
QNo.23 [ = | ————
f\/2x2+3x+4
I_f dx _ 1 dx
Bl V2
JZ(xZ +%x+2) V2 (x? +%x+2)

Completing square of

2+3 +2
X —-X
2

2 2

- s () -6 2

O
“\*T1) " 16
_( +3>2 9+32
“\*71) " 16" 16
_( +3>2+23
“\*71) T16
_( +3)2+ mz
“\*T2 4

- 1 f dx
I = —jcotzxcsc3 x. (—cotxcsex)dx V2 ( N2 (V23
I=— j(csczx — 1)csc? x. (—cotxcscx)dx
- _ 5. (— 3,(— 3
1 jcsc x( cotxcscx)dx+jcsc x(—cotxcscx)dx I 1 x+3 1 ) 1(4x+ 3)
= —sin ———= ] =-—=sin T
—cscx  csctx V2 V23 V2 V23
6 4
Alternatively,
1= f cot3xcsctxdx
I=fcot3xcsc2 x. (csc?x)dx
I= —fcot3xcsc2 x.(—csc?x)dx
4 | Prepared by: Ageel Nawaz aqeel_755@yahoo.com [ ] 03349587500
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QNo.24 I =+Va? — x%dx

Put x = asinf = dx = acos6do

= f\/ a? — a?sin260 acosO db
= f av'1 — sin26 acos6 db

I = azfcoszede

a? 5 1+ cos26
I= 7[(1 + cos26)d6 as cos“f = —
/= a? 0+ sin26

2 ( 2 )
/= a? 0+ 2sinfcosO
2 ( 2
2

a
I = - (6 + sinBy 1 — sin?0)

Substitution returned:
. a? X X x2
= — | sin =
/- a? PN a? — x?2
= | sin =
I_az __1x+a x Va2 —x?
2 st a 2a a
x a? x
2 a2 % -
1—2.a x+251n (a)

3
QNo.26 I = [(1+x%)z2dx

Put x =tanf = dx = sec?6do

3
= f(l + tan?6)"2.sec?6 do

3
I = f(secZG)_f.seCZG de

[ fsecze i -
~ ) sec36 B

fcos@d@ = sinf

QNo.25 I=[(2x+3)V2x+1dx
=f(2x+1+2)\/2x+1dx

I=f(2x+1)\/2x+1dx+2f\/2x+1dx
142 1
I=f(2x+1) 2dx+2f(2x+1)2dx
1 3 1
=§j(2x+1)2.2dx+J(2x+1)22_dx

3 1
2x+ D2 (2x+ 12t

3 1
7+1 7+1

1
=5

In right triangle :
x X XZ +1
tanf ==
1
By Pythagorean’s theorem 1
we can find the Hyp. So
sinf = Zx
x2+1
Hencel = Zx
X241
x
QNo.27 I = dx
V x2+1
2 2
fx +1-— 1 _f x*+1 1 dx
Jx2+1 Jx2+1 Jx2+1
I = f\/ x? + 1dx — f
vxz+1

X 1
I = [E X241+ Esinh‘1 x] —sinh™1x

X 1
E\/ x2+1 —Esinh‘lx

I =

QNo.28 I= [(2x+ 4)V2x% + 3x + 1dx
1 1
1=§f(2x2+3x+1)2.(4x+8)dx
1 1
1=§f(2x2+3x+1)2.(4x+3+5)dx
1=%f(2x2+3x+1)%.(4x+3)dx+%f(2x2+3x+1)%.5dx

1 1
1(2x% + 3x + 1)z**

5 3 1\2
== +—.\/§f<x2+—x+—)2dx
2 1+1 2 2 2
2
I 1(2 243 1)E Sf ( <1>2d
= — 2 — —_ —
3 x“+ 3x + +\/§ X 2 X

5 Prepared by: Ageel Nawaz

ageel_755@yahoo.com
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Completing square of
3

2+ +1
X —XT
27 2

-2+ () ~(7) +3

_( +3)2 9+1
“\*71) T1672

(+3)2 9+8
*T2) "16 16

3\ 2
x+)

Hence,

1 3
1=§(2x2+3x+1)2

[ 3 3
5 (x+37 3 12 (1/4)? x+z
4 <x+ )—()—(/)cosh‘1 4

+
2 1
4
1 3
1=§(2x2+3x+1)2

5 [4x+3 J4x+3)2-(1DZ 1
+— . — —cosh
NABE 4 32

1 3
1=—(2x2+3x+1)2

“1(4x + 3)

I = %lnlsec(x —t) +tan (x — t)|

I—ll| t -13 +t t 13
—5nsec(x an 4) an(x — tan 4)

I_f sinx d
N coszx+1x

[ = f —sinx d
N cos?x +1 x

I = tan"!(cosx)

tanxdx
QNo.30 I=[———
cosx+secx
sinx
[ = COSX dx
cosx + COSX

dx

QNo.31 [={

sin(x—a)sin(x—b)

32\/_[43( ++/ (4x+3)2 —1 — cosh™1(4x + 3)]
dx
Q No.29 I= f3$inx+4cosx

Let 3 = rsint and 4 = rcost

_sin(a—b) sin(a—b+x—x)
sin (a — b) sin (a — b)
_sin(x—b—x+a)
sin(a — b)
_sin [(x=Db) — (x —a)]
sin (a — b)
_sin(x — b) cos(x — a) — cos(x — b) sin(x — a)
sin (a — b)
So,
1
~ sin(a—b)

Squaring and adding, we get, Dividing , we get
32 + 4% = r2sin®t + r?cos?t | rsint _ 3
25 = 72 rcost 4
13
=5 t = tan (Z)

cos(x — a)

f (sin(x — b) cos(x —a) — cos(x — b) sin(x — a)

sin(x — a) sin (x — b)

cos(x — b)

dx
cos (x — t)

f rsintsinx + rcostcosx
1
T r

1
I=;f sec(x —t) dx

- sin(a — b) f[sin(x —a)

= m [lnsin(x -
B 1 sin(x — a)
" sin(a — b) n sin(x — b)

~ sin (x—Db)

a) — Insin(x — b)]

)
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QNo.32 [ = [tanxln(secx)dx

1
Putinsecx =z = dz = woon Secx. tanx.dx

= dz = tanxdx

z* _ (Insecx)?

] =zdz = —
zaz 2 2

dx
(3tanx+1)cos?x

QNo.33 =]

3tanx +1 3

==In (Btanx + 1)

f sec? xdx 1 f 3sec? xdx 1
3tanx + 1 3

QNo.34 I = (e’ cosxdx
Putsinx =z = cosxdx = dz

I =[e?dz =e? = eSn¥

dx

2sin?x+3cos?x

Divide N"and D" by cos? x

I_f sec? xdx
) 2tan?x + 3

QNo.37 I={

Puttanx = z sec?xdx = dz

I_f dz _1J‘ dz
) 2z2243 2 3

242
z°+5

1_1 2t _4V2z

=5 [3tan 73

Cran12)
as (—tan =
a a

QNo.35 I = [+V1+ 3cos?xsin2xdx
2

Put cos“x =z = 2cosx(—sinx)dx = dz

= —2sinx.cosxdx = dz or sin2xdx = —dz
1
I = —f(1+3z)5dz
1 1
I = —§j(1 + 32)2.3dz

1
1 (14322

37 1
S+1

2 3
I=—5(1+32)

2 3
I = —5(1+3coszx)2

QNo.38 I={ . xtanvx dx

—Ssec
Vx

_ e ax _
PutVvx=z = 2\/de—dz = &—Zdz

I = fsecztanz. 2dz = 2secz = 2sec\x

QNo.39 I = [ [ + (sinx)™|cosxdx
Put sinx =z = cosxdx = dz

[=[n?dz+ [ z"dz

sin2xdx
vV 1+cos2x

Put cos’x =2z = 2cosx(—sinx)dx =dz

QNo.36 I={

= —=2sinx.cosxdx = dz or sin2xdx = —dz

-1
I=—[(1+2)2dz
-1
1+2)zH
e

5 +1

I =—2+1+4cos?x

I =

T[Z ZT[+1
= +
Inm m+1
T[sinx (sinx)’“’l
I = +
Inmt m+1
cosxdx
No.40 [ = | ————
Q f 3sinx+4+/sinx

Put+sinx =z = sinx =2z> = cosxdx = 2zdz
I_f 2zdz _zf dz _2f 3dz
) 32244z ") 3z+4 3)3z+4

2
I = §ln(3z +4)

2
I = gln (3Vsinx + 4)
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Techniques of Integration

EXERCISE 4.3
Integration By Parts means 4|  _x""(nx) 1 . X"
brackets in such a way that: n+tl n+ln+l
( ) ( ) - f( )( )dx I_xn+1(lnx) 1
T oon+1 _(n+1)2+c

(F1) (integral of F2)

— [ (derivative of F1)(integral of F2)dx

Or

(F1) ( F2.dx)

— [ (F1')(f F2.dx)dx
QNo.1 I= [xsec’xdx
Applying By Parts
I = () (tanx) — f (1)(tanx)dx

I = xtanx — [ tanxdx

I = xtanx — In(secx) + ¢

QNo.2 I = [xcscixdx

I = (x)(—cotx) — f(l)(—cotx)dx

I = —xcotx + [ cotxdx

I = —xcotx + In(sinx) + ¢

QNo.3 [ = [ x"lnxdx

o (E) [

n+1
I = (lnx)(x )—L

n+1 n+1

x™dx

QNo.4 I=[x*tan 'xdx
2+1 1 x2+1

= (tan™ )<2+1> f<x2+1><2+1>dx
3 3

I = (tan™'x) (%) - %J <x2x+ 1) dx

3

In —— we use long division and get x — —
x“+1 x“+1

x3 1 x
_ -1,y _ = _
I = 3 (tan~!x) 3f(x 2 +1)dx

3

I=%(tan x)——fxdx+ f( )

3

=X -1 _lx_ __f< )
I 3(tan x) 37

x3 x? 1
I=?(tan_1x)—€+€ln(x2+1)+c

QNo.5 I = [sec3xdx

I = [ secx.sec’*xdx

I = (secx)(tanx) — J- (secx.tanx)(tanx)dx
I = secxtanx — f secx. (tan®x)dx
I = secxtanx — f secx. (sec?x — 1)dx

I = secxtanx —fsec3xdx +fsecxdx

Here we have,

I = secxtanx — I + In (secx + tanx)
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[ + I = secxtanx + In (secx + tanx)

2] = secxtanx + In (secx + tanx)

1 1
I = Esecxtanx + Eln(secx + tanx) + ¢

QNo.6 I=[csc3xdx

I = [ cscx.csc?xdx

I = (cscx)(—cotx) — f(—cscxcotx)(—cotx)dx
I = —cscxcotx — f cscx(cot?x)dx
I = —cscxcotx — f cscx(csc?x — 1)dx

| = —cscxcotx — f csc3xdx + f cscxdx

I = cscxcotx — I + In (cscx — cotx)
I +1 = —cscxcotx + In (cscx — cotx)
2] = —cscxcotx + In (cscx — cotx)

1
I = 7cscxcotx + Eln(cscx —cotx) + ¢

x—sinx

QNo.7 I=|

1-cosx

In trigonometry we write:

1-cosx

. X -
sin? (—) =
2 2

and sinx = 2 sin (g) cos (g)

So,
= x—Zsin(%)xcos(%)dx
2 sin? (7)
B X 2 sin (%) cos (%)
r=1 2 sin? (%) dx-] 2'sin? (%) o

dx

cs(3)
")

1= %f xcscz(g)dx — f cot (g)dx

1 X
— 22 —
1 focsc (Z)dx

1= %f xcscz(g)dx — 2In (sin ’2—6)

I, = fxcscz (g) dx
I = (x)( 2cot ) f(l)( 2cot ;) dx

X
L =-2 t=+2 t=d
1 xcoz+ jco > X

x

I, = —2x cotz + 2.2 In(sinx)
x

I, =—2x cotE + 4 In(sinx)

Hence,

1—1[ 2x cot =
—2 X CO

> +4ln (sin ;)] — 2In (sin ;)

= 2 4 2In(sinZ) - 2In (sin>
1——xcot5+ n(smz)— n(smi)+c

I tx+
=—xcot-+¢c
2

Alternative method (after step 4):

1 x cos (g)
1= Ef xcscz(i)dx -

()

1 X x
- 2075 o — X
1= 2fxcsc dx [ cot G)dx

dx

Applying by parts on first

[(x)( ) f(l)( : >dx}—fcot()dx

1= tx+f t (5)dx — [ cot (5)d
= —xcot co (Z)x co (Z)x

I tx+
= —xcot=+c
2

QNo.8 I=[xsin~!xdx

I =(sin"'x) <xz_2> - J (\/%) (?) dx

2

PR RN G R
=5 sinTix -7 Newrri x
x? —x?
— 0 cin—1 _ -
1—251n x+2fmdx
i x? +1 1-—x? —1
=—sin"tx
2 ,/1_xz
Z
—sin"'x += f
[Vl—xz \/1—x2
x
I:—sin‘1x+—f[\/1—x2 ]dx
2 V1 —x2
x?
I:7sm x+= f\/l—xzdx——f\/__xz

xZ

I=—sin‘1x+—[f 1—x2+lsin‘1x]—lsin‘1x
2 212 2 2

x? x 1 1
I=7sin‘1x+z —x2+zsin‘1x—zsin‘1x
2

I—x sin’1x+x 1—x2 1sin’19c+c
T2 4 4

QNo.9 I = [x3/x2+1 dx
I=fx2.x\/x2+1dx
I=f(x2+1—1).x\/x2+1dx
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I=J(x2+1).x\/x2+1dx—jx\/x2+1dx
1 1 1
I=f(x2+1) +7.xdx—f(x2+1)7xdx

1 3 1 1
I=§f(x2+1)2.2xdx—zf(x2+1)2.2xdx

3n 341
1 (x2+1D27 1 (k2 +1)2"
I=E. 3 —E. 1 +c
?+1 §+1
5 3
1 (x24+1D2 1 (x*2+1)2
I==. —-=. +c
27 5 27 3
2 2

5 3
x>+ 12 (x*+1)2
RRCESL NSV

Alternative method of QNo. 9 is at the end of the exercise (page9)

1+xlnx

QNo.10 I = [e* dx

1
I=fex;dx+fexlnxdx

Applying by parts on first angle,
I =(e¥)(lnx) — f(ex)(lnx)dx + f e* Inxdx

I =e*lnx +c

1-sinx

dx

QNo.11 I = [¢e*

1-cosx

1—sinx 14 cosx
I = ex.( X )dx
1—cosx 1+ cosx
1 — sinx + cosx — sinxcosx
I = ex.< . )dx
1—cos“x

1 — sinx + cosx — sinxcosx
I = ex.( )dx

We will apply By Parts technique upon 1st and 3rd
integral:

I =fexcsczx dx
= (e*)(—cotx) — f(ex) (—cotx) dx

= —e*cotx + [ e*cotxdx

And

I; = f e*cscxcotx dx

= (e*)(—cscx) — f(ex) (—cscx) dx

= —e*cscx + [ e¥cscxdx - (2)
Putting values in I we get:
I = —e*cotx — e*cscx + ¢
1-x
No.12 I = (tan™! |—dx
Q f 1+x
Put tan™? 1-x 1)
ut tan —z———0
1+x
1—x .
= tanz
1+
1—x
= tan®z
14+x

(1—x) = tan?z(1 + x)
1—x = tan?z + xtan®z
1 —tan?z = x + xtan®z
1—tan?z = x(1 + tan®z)

sin?x
1 sinx cosx  sinxcosx Multiply D" and N' by cos®z
1:f3x<_2 —— — )dx 1 —tan®z cos?z — sin®z
sin’x sin’x  sin’x sin®x —— =X —— =X
1+ tan?z cos?z + sin?z
— x 2, _ - cos2z
I fe (csc?x — cscx + cscxcotx — cotx)dx o o coslz=x L@
I= fexcsczx dx—fex cscx dx+fexcscxcotx dx—f e* cotx dx Diff. w.r.t x
Hence our integral becomes as follows, —2sin2zdz = dx
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I = fz. (—2sin2z)dz

1= —ZfzsinZZ dz

Applying integration by parts

I =—2(2) (_ c0;22> +2 f(l) (_ co;Zz> iz

I = zcos2z — f cos2zdz

sin2z
2

I = zcos2z — +c

Re-back substitution, using egs. (1) & (2)

4 [1—x V1 — x?
I = tan X = +c
1+x 2

I = 2afztanz sec?z dz

I = 2a(z) ( t“;lzz) —2a f (1) < t“;22> dz

| = aztan’z — a f tan®z dz

I = aztan®’z — a f(seczz —1)dz

| = aztan?z — afseczzdz + af dz

| = aztan?z — atanz + az + ¢

Re-back substitution, using egs. (1) and (2)

X X X - X
I =a—sin™ —a |— +asin” +c
a xX+a a xX+a
X X
I =asin™?! / —+ax +asin™! +c
x+a x+a

— (sin-1 /L
QNo.13 [ =[sin™! |——dx

x .
= sinz
x+a
X
= sin’z
x+a

x = sin’z(x + a)

X = xsinz + asin?

z
vcinZ, — ein
x — xsin’z = asin’z
ein2,) = qcin2
x(1 = sin“z) = asin“z
xcos’z = asin’z
x = atan®z — ——- (2)

dx = 2atanz sec’z dz

Hence our integral become,

1= fz (2atanz sec?z) dz

X
[ = 2asin~?! / —Vax+c
xX+a

QNo.14 I = [e**sin(bx + c)dx

Using by parts formula,

—e™cos (bx+c¢) a
I = b + Ef e™ cos(bx + ¢) dx

Using by parts formula,
1 in(bx +
I = —Eea" cos(bx +¢) + % (e™™) (W)

—%f(aeax) (sin (b;c + c)) dic

1 a
= —Eeax cos(bx +¢) + ﬁeax sin(bx + ¢)

a?
—b—zj e sin(bx + ¢) dx
j— 1 ax a ax o3 a2
1= —Ee cos(bx +c¢) + ﬁe sin(bx + ¢) _ﬁl

2

a 1 a
I+ Fl = —Eeax cos(bx +c) + ﬁe“" sin(bx + ¢)
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1 a
—Be‘“‘ cos(bx +¢) + ﬁea" sin(bx + ¢)

a’+ b2
( % )I = ——e%cos(bx + ¢) + e sin(bx + ¢)
1
_ ax ax o
I PR e cos(bx +c) + PR e sin(bx + ¢)

QNo.15 I = [In(x+V1+x2)dx
:fl.ln(x+\/1+x2)dx
I = (ln(x+\/1 + x? )) (x)

P
_f 2V1 + x2

Vit | O

= (ln(x + 1+ x? )) (x)

x+V1+x2 \
2
—f\wll;«%z)/(")d"

(ln(x+m))(x)—f<m>dx

1
I=xln(x+\/1+x2)—f(1+x2)_?xdx

1 1
I=xln(x+\/1+x2)—Ef(1+x2)_7 2xdx

-
I=xln(x+\/1+x2)—%.%+c

—5+1

I=xln(x+\/1+x2)—\/1+x2 +c

x2+1 x
Q No. 16 I—f(x+1)2e dx
x2+1
Gt
x*+1+42x-2x
sz O+ D)2 e* dx
(x+1)?-2x
TG C
fxd 2xe* Y
= | e¥dx — | ——=dx
(x +1)2
[ = o j 2xe* p
= S x?2+2x+1 X
(2x +2—2)e*
J=e¥— | 2
¢ Grz @
PR (2x+2)e f
(x+1)2 (x +1)2
PR (x+1)e
(+1)2 (+1)2
[ =e*-2 Zf er d
- ¢ (x + 1)2 x

Integrating first integral by parts,

[=e* —2( 11)(ex)+2 k)

(x + 1)2

e.x
2 [— g
+fu+n2x

[=ex - 28 zf 4 +zf 4
¢ T+ x+ 12 x+1)2

.(e¥)dx

QNo.17 I = [ cos(lnx)dx

—sin (lnx)

I = (cos (Inx))(x)— f (x)dx
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I = x.cos(lnx) + f sin(lnx) dx

Integrating again by parts,

(Inx)

X

I = x.cos(Inx) + (sinlnx)(x) — f cos (x) dx

I = x[cos(Inx) + sin(lnx)] — f cos(Inx) dx
I = x[cos(lnx) + sin(lnx)] — I
21 = x[cos(Inx) + sin(Inx)]

I = =[cos(Inx) + sin(Inx)]

N xR

QNo.18 I = [Vxe V*dx
PutVx =z =x=2> = dx=2zdz
I = fze‘z. 2zdz = ZJZZe‘ZdZ
Integrating by parts
I =2z%)(—e?) - 2[22. (—e ?)dz
[ =-2z%e"%+ 4fze‘zdz
Integrating by parts again

[ ==2z%¢"%+4 4(z)(—e7?) — 4[(1)(—e‘z)dz

| = =27%¢ % — 4ze¢7% +4f e~ %dz

QNo.19 I = [x3e**dx
1= fx3ez"dx

Integrating by parts,

I = () <ezj> - f (3x7) <§> dx

x3 3
_ 7 ax 2 2,2x
I—Ze foe dx
x3 3 e2x 3 e2x
RN T G- PR
2e 2(x)<2>+2 x2 X
x3 3

3
I = 762" - szezx +Ef xe?*dx

x3 3x? 3 e%x 3 e?x
_ A o 2% o 2 ey .2 bl
—2e 4e +2(x)<2> zf(l)<2>dx

x3 3x? 3x 3
I=7e2x——4 ezx+Tezx—Zfe2xdx
I_x3 e 3x% 2x+3x o 3 er+

= 7€ 7° 75t
3
QNo.20 I= [x°e*dx

I = fx3 x2e*’dx

dz

Put x3 =z = 3x%dx=dz = x%dx= 3

Hence our integral becomes:
/ f ,4z 1f 2 g
= | ze?!— == ze?dz
3 3
Apllying by parts,

=2 -+ [enax
3 3

I =—-2z%"%2—4ze ? —4e ? +¢ ze? 1
I=———-|e%dz
3 3
Hence
zeZ e%
I = -—=+c
I = —2xe“/§—4\/§e“/§—4e‘&+c 3 3
xSex3 x3
I = -—+c
3
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QNo.21 Show that Q No. 22 Find a reduction formula for
[ x"e®dx and apply it to evaluate
n+1 1 n+1 3 ax
fx"tan‘lx dx = X tan lx — —— X d fx e“dx.
n n+1) 1+x2

I = Jx"ea"dx
Hence evaluate, [ x3 tan™! x dx

Applying by parts formula,

=" (?) - f(nx”_l) (?) dx

xneax n n-1 ,ax
I = —— | x e dx
a a

Let,

I = fx"tan‘lx dx

Integrating by parts,
Which is the required reduction formula.

X 1 X Now, putn = 3
) () e
(tan x)<n+1> f 1+ x? <n+1> x

x3e®™ 3
I = ——fx3‘1eaxdx
xn+1 1 xn+1 a a
= tan lx — —— dx
n+1 n+1) 1+ x2 x3e%® 3
— 2 ,ax
I = ——fx e dx
a a
As required.
Again putn — 2
Now, put n=3 300X 3[x2e0% 2 -
I = —— —— | x¢ e dx
x3+1 1 $3+1 a al a a
I = tan lx — —— dx
3+1 3+1J) 1+ x2 x3e 3x%e™™ 6
I = - —+— | xe® dx
a a a
I= x—4tan‘1x —lf ul dx x3e  3x%e 6 e\ 6 e*
4 4) T+ 2 I = 2 +—2(x)(—)——2f(1)(—>dx
a a a a a a
By long division we get, Be™  3x%e™ 6xe™ 6
I = ———t—5— 3| e%dx
! a a a a
.2
=x"—-1+
1+ x2 1+ x2 Be™  3x%e™ 6xe™ 6 e
I = - + -—.—+c
a a? as a a
So I becomes, w w
/ e 3x%e 6xe™ 6e™ N
x* 1 1 = T3 3 3 ' ¢
=2 tan~lx —— ( 2 _q ) a a a a
4tan x 4fx +1+x2 dx
x* 1[0, 1 1 dx
I=Ttan x—fo dx+Zfdx—Zf—1+x2
I= 4t iy x3+x L ian-1x +
= 4 an X 4 3 2 2 an X c
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Q No. 23 Find a reduction formula for

[ sin™xdx and [ cos"xdx wherenisa
positive integer.

I = j sin™xdx

We separate a single powerof sinx. As follows:

I = fsin"‘lx sinxdx

Applying by parts formula

I = (sin®'x)(—cosx) — f(n — 1)(sin™ 2x. cosx)(—cosx)dx

I

—cosx.sin" x4+ (n—1) f sin™ %x. cos’x dx

I = —cosx.sin" x + (n—1) f sin™%x. (1 — sin’x) dx

—cosx.sin" x+ (n—1) f sin"2xdx — (n — 1) f sin"x dx

I

—cosxsin®x + (n = 1) [ sin"Zxdx = (= )1

nl = —cosxsin™ lx + (n—1) f sin™ 2xdx
—cosxsin"'x (-1 (
= + sin™ “xdx
n n
And,
I = fcos”xdx

We separate a single powerof sinx. As follows:
1= f cos™ x cosxdx
Applying by parts formula

I
I = (cos™ x)(sinx) — f(n — 1)(cos™ 2x)(—sinx)(sinx)dx

Again by parts,

I = sinx.cos" 'x + (n—1) f cos" 2x.sin’x dx

I = sinx.cos" x+ (n—1) j cos"2x. (1 — cos*x) dx
= sinx.cos" 1x + (n—1) f cos" 2xdx — (n — 1) f cos™x dx
I = sinx.cos" 'x+ (n— 1) f cos™ 2xdx — (n — DI
I+ (n—1)I =sinx.cos" 'x + (n—1) f cos™ % xdx
(1+n-1DI=sinx.cos"x+(n—-1) f cos™ 2 xdx

nl = sinx.cos™ x + (n — 1) f cos" 2xdx

sinx. cos™ 'x n—1
e, oy
n n

Q No. 24 Find a reduction formula

for[ x"sinax dx ,wheren > 1is an

integer. Hence evaluate [ x*sinax dx.

I = fx"sinax

Integrating by parts,

= (M) (—cc;sax) _ f(nx"‘l) (—COS(ZX) dx

a

—x"cosax n

+ f x™" cosaxdx
a

a

—x"cosax

a

200 (222 - (2
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—x"cosax nx"lsinax nn-—1)

I = + - 5 x" 2sinaxdx
a

a a?

Which is the required reduction formula,

Put n=4 & a=4
3 —x*cos4x N 4x3sin4x 4.3 tcd
= 2 & 1o x?sindxdx
Now put n=2 and a=4,
B —x*cos4x N 4x3$in4x 43
- 4 16 16
—x%cosdx N 2xcos4x 2f dxd
> 2 7 | sindxdx
—x*cosdx N 4x3sindx
B 4 16
3 [—x2%cos4x 4 2xcos4x 2 cos4dx
4 2 4 4 4
—x*cos4x N 4x3sindx N 3x2%cos4dx N 3xcosdx
B 4 16 8 8
3cosdx
32 ¢

Q No. 25 Find a reduction formula for
fxm(lnx)"dx,m -1

And nis an integer greater than 1. Hence
evaluate,

f x3(Inx)?dx
I= J-xm(lnx)"dx

- (l )n xm+1 f (l )n—l 1 xm+1 J
I nmx x \m+1)*
x™ 1 (Inx)" n " 1
I= ] —m+1fx (Inx)™ tdx

Which is the required reduction formula.
Now put m=3 and n=2

|

x3*1(Inx)? 2
_ _ 3 2-1
=34 3+1fx(l”x) dx
x*(nx)? 2
[ 3
1 7 4fx Inxdx

Integrating by parts,

=20 e (5)- [ () (5)

x*(nx)* 1,
—T—gx Inx + - fx dx
x*(nx)? 1
_ X
I= 7 ~3 lnx+8 7 +c

Alternative method QNo.9 I = [x3VxZ +1 dx

szxz.x\/x2+1dx
Put Vx2+1=2z

2xdx = 2zdz = xdx = zdz

= x24+1=2%2 = x2=22-1

So

I = f(z2 —1)z.zdz

I = j(z4 —z%)dz

z> z3
[=—-=
5 3+C
x?2+1)2 (x?2+1)2
5 3

Alternative method Q No. 11 I = f x 1-sinx

1 cosx

X X
1—2sin5coss
1= [T,
ZSiTlZ?

25in£cos£
I—J 2 2 dx
ZSLn2

in2 X
2sin 2
I—fe csc?= —dx—fexcotfdx
2 2

Applying by parts on first integral
I= (e")( cot f(e") —cot )dx—fe cot dx

x
I =—e* cotz+fe" cotzdxfex cotzdx

x
I =—e*cot=+c
2
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Techniques of Integration

EXERCISE 4.1
QNo.1 [O0dx=c P2 _ [ (izcos2x
QNo. 8 [ sin®xdx = f( . )dx
1
—+ 3
QNo.2 [vxdx=%—=2xz+c = 1fdx -2 cos2xdx
Jt1 3 2 2
1+x 1 x dx :f_l(sian)
sZln(x) + x + ¢ QNo.9 [V1 —cosx dx = f(\/ising)dx
4 [E1y X
QNo.4 [——dx =\/§fsin§dx

=[(1- x22+1)dx by long division

(=)

1
2

= [dx-2] ax

x24+1 X
= —2v2cos=+c¢
=x—2tan 1x+¢ 2

/ X . —1X
QNo.5 [tan’xdx = [(sec’x —1)dx QNo.10 [V4—x%dx = V4 —x%+2sin™" 7

= [sec?’xdx — [dx QNo.11 [V4+ x2dx = §V4+x2+25inh‘1§
= tanx—x+c QNo.12 [Vx? —4dx = §Vx2—4—2Cosh_1§

QNo. 6 [cot?xdx = [(cosec’x —1)dx
= [ cosec’xdx — [dx
= —cotx —x+c

QNo.7 [cos?xdx = I(@) dx

= %fdx +%fc052xdx

x 1/sin2x
( )+c

2 2\ 2
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